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1. (20%) Write down the definition of the following terms.
(1) p=A{v,---,v, }is abasis of the vector space V
(2) A isan eigenvalue of the matrix A
(3) Tisa linear transformation
(4) Matrices A,B are similar
(5) Rank-Nullity theorem

2. (10%) True or false? Just write down the answer. No need to prove it.
1. The rank of any upper triangular matrix is the number of nonzero entries on its diagonal.
2. Let A B,C be matrices. If A commuteswith B > and B commutes with C > then A

commutes with C.
3.If V,W are subspaces of R" > then V UW is a subspace of R".
4. If areal matrix A has only the eigenvalues 1 and —1 > then A must be orthogonal.
5.1f A isa positive definite matrix, then the largest entry of A must be on the diagonal.

3. (30%)
'k 1 1 1
1 k 11
(1) Let A= .Ifrank( A)=3 > find k.
1 1 k 1
11 1 k
1 -1
(2 Let A=|0 1 1 | Suppose A’~AB=1, > Find B.
0 -1
0fl1 11]4
(3)Let p=<|1 110 and x=<| 2 || -1|} be two bases of the subspace V in R®.
-1(|-1 -3]|-3

Find the change of the basis matrix from £ to u.
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(4) Givenabasisg=</01,|4],/ 6| > apply Gram-Schmidt process to find an orthonormal
0([0]]7

basis.

X
(5) Let X = xl} , for the quadratic form q(X) = 6x12 —TX.X, +8x22, find a symmetric matrix
2

A suchthat g(X)=X-A-X

4. (10%) Suppose a,b,c are real numbers. Discuss the solution of the system of the equations in
terms of a,b,c.
X+2y+az=1
3X+4y+bz=-1
2x+10y+7z=c

-2 00 -1 00
5. (10%) Itisknownthat A=| 2 a 2| and B=| 0 2 0| aresimilar matrices. Find the
3 11 0 0 b

matrix P such that PAP =B.

6. (10%) An nxn matrix A is called nilpotentif A™ =0 for some positive integer m.Let A
be a nilpotent matrix and choose the smallest m suchthat A" =0.Let Vv in R" such that
A™ = 0. Show that the vectors v, AV, A%,---, A"V are linearly independent.

7. (10%) Let A beareal nxn symmetric matrix, P bean nxn invertible matrix. Let « be
the eigenvector of A corresponding to the eigenvalue A . Find the eigenvector of
(P~AP)" corresponding to the eigenvalue A .
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(50% ) Prove or disprove the following propositions.

(1.1) Let F be the family of sets consisting of all subsets of natural number. Then F
is uncountable.

(1.2) Every infinite sequence of real numbers has a convergent subsequence.

(1.3) Let {an} be a sequence of real numbers. If a, has only one accumulation point
a € . Then a,, converges to a.

(1.4) Let f a continuous function defined on R and & an open set in R. Then the set
f(G) is always open.

(1.5) Every closed set in R is the intersection of a countable collection of open sets.

(15%) Let f(x) = (Ax,x) be a function defined on R?, where x € R?,
I 11
A= -1 1 0
1 10
and {-,-) is the inner product in R3.

(a) Compute Df(x) and D?f(x).

(b) Determine whether f has a local extremal or saddle point.

(10%) Evaluate the integral

. (10%) Evaluate the integral

/2 sin @
—dr.
g ST 4 cosr

Let ' N _
o (22 + %) sin ,A;Tyg (z,y) == (0,0)
Jlx) = VT -
0, [(z,y)=(0,0)
(a) (8%) Compute f.(0,0), f,(0,0).

ir

(b) (7%) Is f differentiable at (0.0)7 Justify your answer.
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